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1. Separation of Variables:

A fundamental technique for obtaining solutions of linear partial differential equations is the
method of separation of variables. This means that we look for particular solutions in the form
u(x,y) = X(x)Y(y) and try to obtain differential equations for X(x) and Y (y). These equations
will contain a parameter called the separation constant. The function u(x,y) is called a separated
solution.

Example 1.1: Solve u,, —2u, +u, =0

Solution: If we let u(x,y) = X(x)Y(y) and substitute in equation, we obtain

X'Y =2X'Y +XY' = 0= =2 =""=k

Where k is separation constant. These equations may be written in the more standard form
X" -2X"—kX=0 (1)

Y'+kY =0 (2)

From (1) we get X(x) = ex(Alexm + Aze‘xm) and From (2) we get Y(y) = Aze™®
where A;, A, and A; are constants.

Thus the solution is u(x, t) = = e* Y (4e*V1tk 4 Be=¥Vitk)

2. Separated solution of Laplace's equation

Consider a two dimensional Laplace equation in cartesian coordinate: VZu = u,, + Uy, = 0.

If we letu(x,y) = X(x)Y(y) and substitute in Laplace's equation, we obtain

XY () + X()Y'(y) = 0

Dividing by X (x)Y (y) (assumed to be nonzero), we obtain

X' V')

X Yo) X

Where k is separation constant. These equations may be written in the more standard form
X'"—kX=0 (1)

Y’ 4+ kY =0 (2)
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Three cases arise,
Case 1.Ifk > 0, we write k = p2, where p is real . The general solutions to (1) and (2) are

X(x) = AeP* + A, e™P*  and Y(y) = A3 cospy + A,sinpy where Ay, A, Az, A, are
arbitrary constants. Thus the solution is u(x,y) = (4;eP* + A, e™P*)(A3 cospy + A, sinpy)

Case 2. If k = 0, we have the equations X" = 0,Y" = 0, for which the general solutions to (1) and
(2) are linear functions: X(x) = Ajx + Ayand Y(y) = A3y + A, where A;,A;,45,4, are
arbitrary constants.

Thus the solutionis u(x,y) = (A1x + Ay)(Az3y + Ay)
Case 3. If k < 0, we write k = —p? . The general solutions of (1) and (2) are

X(x) = Ay cospx + A, sinpx and Y(y) = Az ePY + A,e ™Y where A;,4,, A;5,A, are
arbitrary constants.

Thus the solution is u(x,y) = (4, cos px + A, sinpx)(A; ePY + Ase™PY)

Example 2.1: Find the separated solutions of Laplace's equation uy, + uy, = 0inthe region

0 < x < L,y > 0 that satisfy the boundary conditions u(0,y) = 0,u(L,y) = 0,u(x,0) = 0.
Solution: From the discussion in subsection 2 we have the separated solutions of three types.

In the first case, using the BC we must have

0 = u(0,y) = (A1 + 4,)(A3 cospy + A,sinpy),sod, = —A;,

i.e. u(x,y) = 24, sinh px(Azcos py + A, sin py)

Again, 0 = u(L,y) = 24, sinh pL(Azcos py + A, sinpy) impliesthat 4; = 0,

So, in this case only trivial solution u(x,y) = 0 is possible that satisfy the boundary conditions.

In the second case, using the BC we must have 0 = u(0,y) = A,(43zy + A4),s04, = 0,

ie. u(x,y) =A1x(43y + Ay)

Again, o = u(L,y) = A;L(43;y + A,),soA; = 0. Therefore, in this case only trivial solution
u(x,y) = 0 is possible that satisfy the boundary conditions.

In the third case, using the BC we must have

0 = u(0,y) = A;(4;ePY + Ae™PY),sothat A; = 0;
i.e.u(x,y) = A, sinpx(Az e?Y + Aue™PY)

Again, 0 = u(L,y) = A, sinpL (A; ePt + A,ePL) has a nonzero solution if and only if
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sinpL = 0, which is satisfied if and only if pL = nm i.e. p = nL—nfor some n = 1,2,3, .... To satisfy

the boundary condition u(x,0) = 0, we musthave A; + 4, = 0,i.e. A4, = —A;
Therefore u(x,y) = 24,45 sin%sinhnldﬂ
Writing = 24,43, the corresponding eigen functions are
u,(x,y) =4, sin%sinhnLﬂ wheren=1,2,3, ....

Thus, by the principle of superposition , we write the solution is of the form

nmy

- . onmx
u(x,y) = Z A, sstth
n=1

Example 2.2:Solve V2u =0, 0<x<m 0<y<m

Satisfying the initial boundary condition:

u(0,y) =0, u(m,0) =0, u(x,m) = 0andu(x,0) = sin?x

Solution: Similar to the Example 2.1, one of the acceptable general solution is
u(x,y) = (c3 cospx + ¢, sinpx)(c e?? + c,e™PY)

Using the BC: u(0,y) = 0= c3 = 0andu(x,m) = 0 = ¢, = c;e?’" and u(m,0) = 0 = ¢, sinpm =
0=>p=nwheren=1,23...

Therefore, the corresponding eigen functions are

u, (x,t) = A, (™ — e?"e~™) sinnx wheren = 1,2,3 ...
Thus, by the principle of superposition , we write the solution is of the form
u(x,y) = ¥ Ap(e™ — e?"e~™) sinnx (1)

Using the condition sin? x = u(x,0) = Y5, A, (1 — e?™) sinnx

This is half range fourier series expansion of sin? x in (0, ) and hence

— 2 T . 2 .
n = ra_eznm fo sin“xsinnwdx  (2) (Calculate 4,,)

Hence the solution of given problem is given by (1) where A,, is given by (2)

3. Separated solution of Heat equation

Consider the equation u; = au,,

If we letu(x,t) = X(x)T(t)and substitute in Heat equation, we obtain

XII B 1 TI _ k t t t
Y2 T - , (a seperation constant)
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Then we have
X'x)—kX(x)=0 (1)
T'(t) —akT(t) =0 (2)
Three cases arise,

Case 1.Ifk > 0, we write k = p2, where p is real . The general solutions to (1) and (2) are

X(x) = AeP* + A, e™P* and T(t) = A, et where A1, A,, Az are arbitrary constants. Thus

the solution is u(x, t) = e®’t(A,'eP* + A,' e™P¥)

Case 2. If k = 0, we have the equations X"(x) = 0,T'(t) = 0, for which the general solutions (1)
and (2) are linear functions: X(x) = A;x + Ayand T(t) = Az where A;,4,,A3 are
arbitrary constants.

Thus the solution is u(x,t) = (A{y'x + A,")

Case 3. If k < 0, we write k = —p? . The general solutions of (1) and (2) are

X(x) = Ajcospx + A, sinpx and T(t) = As e~ Pt where A, A,, Aj are arbitrary constants.
Thus the solution is u(x, t) = e~ Pt (4, cos px + A’y sinpx )

Where A} = A1A; and A}, = A,A;

Example 3.1: Find the separated solutions u(x, t) of the heat equation u,, — u; = 0 in the region
0 < x < L,t > 0 that satisfy the boundary conditions u(0,t) = 0,u(L,t) = 0.

Solution. From the discussion in subsection 3 we have the separated solutions of three types.

In case 1 Using the boundary condition we get 0 = u(0,t) = (4] +A’2)ep2t i.e.A', = —Aj and
0 =u(L,t) = 24} eP’t sinh pL. Therefore A}, = A}, = 0

So, in this case only trivial solution u(x,t) = 0 is possible that satisfy the boundary conditions.

In_case 2 Using the boundary condition we get 0 =u(0,t) = A7.0+ A} ie. A, =0and 0=
u(L,t) = A}L.Therefore A = A, =0

So, in this case only trivial solution u(x, t) = 0 is possible that satisfy the boundary conditions.
In case 3 Using the boundary condition we get 0 = u(0,t) = A’le‘pzt i.,e.A’; = 0and

0=u(Lt) = 4, e Pt sin pL. In order to obtain nonzero solution, sinpL = 0, which is satisfied

ifandonlyifpL = nm i.e. p= %for somen=1,2,3, ...

Therefore, the corresponding eigen functions are

2
up(x,t) = A, exp (— (%) t) sin%x wheren =1,2,3 ...
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Thus, by the principle of superposition , we write the solution is of the form

2
Therefore u(x,t) = Yo=q A, €Xp (— (nL—n) t) sin%x, wheren=1,2,3, ....

Example 3.2: Solve the one dimensional diffusion equation in the region 0 < x < m,t = 0 subject to
the conditions

(i) u(x, t) remains finite as t - o

(i)u=20,ifx=0and m forall t

IA
IA

X X
(i) Att = 0, u(x, t) =

m—X

EIRNIE

IA
IA

X

NI O

Solution: From the discussion in subsection 3 we have the separated solutions of three types.

In case 1, the first condition demands that u(x,t) should remain finite as t — oo is not satisfied.
Therefore we reject this solution.

In case 2, Using the boundary condition we get 0 =u(0,t) = A7.0+ 4} i.e. A, =0 and
0 = u(m, t) = Ajm. Therefore A} = A, = 0.

So, in this case only trivial solution u(x,t) = 0 is possible that satisfy the boundary conditions.
Since, we are looking for a non-trivial solution, we reject this case.

In case 3, the solution is u(x, t) = e Pt (A'; cos px + A', sinpx )
Using the BC (ii), we have at 0 = u(0,t) = A’le_“pzt implies A} = 0 and
0 = u(m, 0) =sinpr = p =n, wheren = 1,2, ...

Hence the solution is found to be of the form

u,(x,t) = A, e~ tsinnx wheren = 1,2, ...

Using the principle of superposition, the solution is

u(x, t) = ¥, A, e~%"*tsinnx

Using the third condition we get u(x,0) = Y;7-; 4, sinnx

Which is a half range Fourier sine series and therefore
A, = Efﬂu(x 0) sinnx dx = 2 ﬁx sinnx dx + fr (T — x) sinnx dx
n— J0 ’ - T |’0 %

4 nm

= An = ESIH(T

Soumita Kundu Page 5



Study Material | CC9

—an2t ... MNT.
e—an‘t

. o 4
Thus, the required solution is u(x,t) = ;Z;‘{;l

4. Separated solution of Wave Equation

Consider the wave equation: Uy = €%y,

If we let u(x,t) = X(x)T(t)and substitute in Heat equation, we obtain

X—” = 1 L” = k, (a seperation constant)
X ¢ T
Then we have
X'x)—kX(x)=0 (1)
T"(t) —c*kT(t) =0 (2)

Three cases arise,
Case 1.Ifk > 0, we write k = p?, where p is real . The general solutions to (1) and (2) are

X(x) = AeP* + Ay,e™P* and T(t) = AzePt + A, e Pt where A1, Ay, A3, A, are arbitrary
constants. Thus the solution is u(x,t) = (A.eP* + A, e P¥) (A;ePt + A, e~ PH)

Case 2. If k = 0, we have the equations X"(x) = 0,T"'(t) = 0, for which the general solutions (1)
and (2) are linear functions : X(x) = A;x + Ajand T(t) = Azt + A, where
A4, A5, A3, A, are arbitrary constants. Thus the solution is

u(x, t) - (Alx + Az) (A3t + A4)
Case 3. If k < 0, we write k = —p? . The general solutions of (1) and (2) are

X(x) = Ajcospx + A,sinpx and T(t) = A; cos cpt + A, sin cpt where A, A, A3, A, are
arbitrary constants.

Thus the solution is u(x, t) = (A3 cos cpt + A, sin cpt)(A, cos px + A, sinpx )

Example 4.1: Obtain the solution of the wave equation u;; = c2u,, under the following conditions:
() u(o,t) =u(2,t) =0
(i) u(x, 0) = sin® %

(i) us (x,0) = 0

Solution: From the discussion in subsection 4 we have the separated solutions of three types.
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In case 1, using the BC(i) we get, A; + A, = 0 and A;e??P + A,e™2P =0
The above two equations possess non-trivial solution iff
1 1
e?p 2P

Hence, this solution is not acceptable.

In case 2, using the BC (i) we get ;0 + A, = 0and 4.2+ A4, =0=> 4, =4, = 0.

| =0=>e? =1 = 4p = 0 = p = 0 which is against the assumption in the case 1.

Hence, only a trivial solution is possible. Since, we are looking for a non-trivial solution, we consider

the case 3 and the solution in this case is of the form

u(x,t) = (Az cos cpt + A, sin cpt)(A, cospx + A, sinpx )

Using the condition u(0,t) = 0 gives A; = 0. Also condition (iii) implies A, = 0. The condition

u(2,t) =0givessin2p=0 =>p = nz—nwhere n=123..

. oo . t
Thus the possible solutionis u(x,t) = Yn—1 Ay sm% cos m;C

. . . . . Nnmx . X 3 . Tx 1 . 3nx
Finally using the condition (i), we obtain Y;7—1 A, sin—= = sin3 - = ;Sin— —Zsin—=

S 3 1. . L
Which gives A; = " Az = -7 while all other A,,s are zero. Hence, the required solution is

( t)—3 . TX mct 1  3mx 3mct
u(x, —451n2 cos > 4sm > cos >
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